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DYNAMICS OF HOMEOMORPHISMS OF REGULAR
CURVES
ISSAM NAGHMOUCHI
Abstract. In this paper, we prove first that the space of minimal
sets of any homeomorphism f : X → X of a regular curve X is
closed in the hyperspace 2X of closed subsets of X endowed with
the Hausdorff metric, and the non-wandering set Ω(f) is equal to
the set of recurrent points of f . Second, we study the continuity
of the map ωf : X → 2X ;x 7→ ωf (x), we show for instance the
equivalence between the continuity of ωf and the equality between
the ω-limit set and the α-limit set of every point in X . Finally, we
prove that there is only one (infinite) minimal set when there is no
periodic point.
1. Introduction
A continuum is a nonempty connected metric compact space. A
Peano continuum is a locally connected continuum. It is well known
that Peano continua are arcwise connected and locally arcwise con-
nected (see Theorems 8.23 and 8.25 in Nadler book [11]). A continuous
image of a Peano continuum is a Peano continuum ( Proposition 8.16,
[11]). A continuum X is a regular curve if for each x ∈ X and each
open neighborhood V of x in X , there exists an open neighborhood U
of x in X such that U ⊂ V and the boundary set ∂(U) of U is finite.
Each regular curve is a Peano 1-dimensional continuum. It follows that
each regular curve is locally arcwise connected. Note that any graph as
well as any local dendrite is a regular curve (for definitions and more
details see [8] and [11]).
Let X be a compact metric space, the closure (respectively the
boundary set) of a subset A of X is denoted by A (respectively ∂A).
An open neighborhood of a non-empty subset A is an open set of X
containing A. An ε-neighborhood of A is an open neighborhood of A
included into ∪x∈AB(x, ε) where B(x, ε) denotes the open ball of center
x and radius ε. Let f : X → X be a continuous map. The forward
orbit (under f) of a given point x ∈ X is the set O+f (x) := {f
n(x) :
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n ∈ Z+}. A point x ∈ X is said to be periodic for f if for some
n ∈ N, fn(x) = x. The orbit of periodic point is called a periodic orbit.
We define the ω-limit set of a point x with respect to f to be the set
ωf(x) := {y ∈ X : ∃ ni ∈ N, ni → ∞, limi→∞ d(f
ni(x), y) = 0}. An ω-
limit set ωf(x) is always a non-empty, closed and strongly invariant set,
i.e. f(ωf(x)) = ωf(x) (Lemma 2, Chapter IV in [2]) and has the follow-
ing property known as ”weak incompressibility”: F ∩ f(ωf(x) F ) 6= ∅
whenever F is a proper, nonempty and closed subset of ωf(x) (Lemma
3, Chapter IV in [2]). Moreover, an ω-limit set ωf(x) is finite if and
only if x is asymptotic to a periodic point (Lemma 4, Chapter IV in
[2]). A subset M of X is called minimal (for f) whenever it is non-
empty, closed, strongly invariant while no proper subset ofM has these
properties. A point x is said to be recurrent for f if x ∈ ωf(x). A point
x ∈ X is called wandering for f if there exists some neighbourhood U
of x such that f−n(U) ∩ U = ∅ for every n ∈ N. Otherwise, the point
x is said to be non-wandering. Denote by Ω(f) (resp. R(f)) the set of
non-wandering point of f (resp. the set of recurrent points of f).
If f : X → X is a homeomorphism then the full orbit (under f) of
a given point x ∈ X is the set Of(x) := {f
n(x) : n ∈ Z} and the
backward orbit) of x is the set O−f (x) := {f
n(x) : n ∈ Z−}). The
α-limit set of a point x is defined as the ω-limit set of x with respect
to f−1. Notice that a subset M is minimal for f if and only if it is
minimal for f−1.
In the hyperspace 2X of all closed subsets of X endowed with the
Hausdorff metric, the space of all ω-limit sets is not always closed
for an arbitrary continuous map f : X → X (see [6] for examples
on the square [0, 1]2 and [7] for example on dendrite). However the
compactness of this space has been established for interval maps (see
[3]) and later for graph maps (see [10]). In this paper, we prove the
compactness of this space for regular curves’s homeomorphisms. Lets
recall some results obtained in [12] for this kind of maps which will be
useful in the sequel:
Theorem 1.1. [12] If f is a homeomorphism of a regular curve then
the following hold:
(i) Any ω-limit set (respectively α-limit set) is minimal.
(ii) For any x ∈ X, ωf(x) = αf(x) provided that ωf(x) ∪ αf (x) is
infinite.
This paper is organized as follow: In section 2, we prove first that for
any homeomorphism of a regular curve f , Ω(f) = R(f), then we prove
the compactness in the Hausdorff sense of the space of all ω-limit sets.
Then in Section 3, we study the map ωf : X → 2
X ; x 7→ ωf(x), we
show the continuity of this map at every point with infinite ω-limit set
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and then we establish the equivalence between the continuity of ωf and
the equality between the ω-limit set and the α-limit set of every point
in X . Moreover, as a result of the equicontinuity of f on X \Ω(f), we
deduce the continuity of ωf on X \Ω(f). Finally in Section 4, we prove
that there is only one minimal set when the set of periodic points is
empty.
2. The non-wandering set and the space of minimal sets with
respect to the Hausdorff metric
Theorem 2.1. If f : X → X is a homeomorphism of a regular curve
X then Ω(f) = R(f).
Proof. Let x ∈ Ω(f) then there is a sequence (xn)n of points in X and
an infinite sequence of positif integers (kn)n such that limn→+∞ xn =
limn→+∞ f
kn(xn) = x (see Theorem 5.7 in [13]). Assume that x is
not recurrent then for some δ > 0, d(fn(x), x) > δ for any n ∈ N.
As X is a regular curve there is an open neighborhood U ⊂ B(x, δ)
of x with finite boundary. Fix an ε > 0, then because X is locally
arcwise connected, for n large enough there is an arc In included into
B(x, ε)∩U joining x and xn, thus f
kn(In)∩ ∂U 6= ∅. As the boundary
of U is finite, there is a point bε ∈ ∂U such that αf(b) ∩ B(x, ε) 6= ∅.
Again as the boundary of U is finite and ε is chosen arbitrary, there is
b ∈ ∂U such that x ∈ αf (b). By Theorem 1.1, αf (b) is minimal thus
x ∈ R(f). 
Given a compact metric space X with a metric d, we denote by
2X the hyperspace of all nonempty closed subsets of X . For any two
subsets A and B of X , we denote by d(A,B) = infx∈A,y∈Bd(x, y) and
d(x,A) = d({x}, A). The Hausdorff metric dH on 2
X is defined as
follows : Let A,B ∈ 2X
dH(A,B) = max{supx∈Ad(x,B), supy∈Bd(y, A)}.
This defines a distance on 2X ([11], Theorem 4.2). With this distance,
2X is a compact metric space ([11], Theorem 4.3).
Theorem 2.2. Let f : X → X be a homeomorphism of a regular
curve X and let (Mn)n be a sequence of minimal sets that converges
with respect to the Hausdorff metric to M ∈ 2X then M is minimal.
Lemma 2.3. Under the assumptions of Theorem 2.2, if M ⊂ P (f)
then M is a periodic orbit.
Proof. If M is countable and infinite then there is a ∈ M such that
Of(a) = {a, . . . , f
p−1(a)} is open in M . By Proposition 3.1 in [5],
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M satisfies the weak incompressibility property, thus if we consider
the clopen set F = Of(a) of M , there exists b /∈ Of(a) such that
f(b) ∈ Of(a), contradiction with the fact that b itself is periodic.
IfM is uncountable then for some p ∈ N,M∩Fix(f p) is uncountable.
Hence, there exists a non-empty open set U ofX satisfying the following
properties:
(i) There exists z ∈M \
(
∪0≤i≤p−1f i(U)
)
,
(ii) U ∩ Fix(f p) ∩M is infinite,
(iii) ∂U is finite.
Take any point a ∈ U ∩ Fix(f p) ∩ M . Let ε > 0 be such that
B(z, ε) ⊂ X \
(
∪0≤i≤p−1f i(U)
)
. As X is a regular curve, for any
µ ∈ (0, ε], there exists an arcwise connected neighborhood Uµ of a in X
such that diam(Uµ) < µ and Uµ ⊂ U . Since limn→+∞ dH(Mn,M) = 0,
there is n ∈ N such that
Mn ∩ Uε 6= ∅ 6= Mn ∩
(
X \ ∪0≤i≤p−1f i(U)
)
.
Take a point x ∈ Mn ∩ Uε, then by minimality of Mn, f
i(x) ∈ X \
∪0≤i≤p−1f i(U) for infinitely many i ∈ N. It turns out that there is
r ∈ {0, . . . , p − 1} such that for infinitely many i ∈ N, f ip+r(Uε) ∩
∂(f r(U)) 6= ∅. So there is b ∈ f ip(Uε) ∩ ∂(U) for infinitely many
i ∈ N. Therefore the negative orbit of b visits Uε infinitely many
times which implies that αf(bj) ∩ Uε 6= ∅. We conclude that for any
0 < µ ≤ ε, there is a point from the boundary of U which has an
α-limit set with non-empty intersection with B(a, µ). It follows from
property (iii) that for some fixed b ∈ ∂(U), a ∈ αf (b). We proved that
any a ∈ U ∩ Fix(f p) ∩M belongs to the α-limit set of a point from
the boundary of U . Again as the boundary set ∂(U) is finite, there a
point b ∈ ∂(U) such that αf (b) contains at least two periodic points
a and a
′
with disjoint orbits which induices a contradiction with the
minimality of αf(b). Consequently, M must be finite. Again as M
satisfies the weak incompressibility property (Proposition 3.1, [5]), it
must be a periodic orbit. 
Similarly, we prove the following Lemma:
Lemma 2.4. Under the assumptions of Theorem 2.2, any point in M
with infinite orbit belongs to a minimal subset of M .
Proof. Assume the contrary. There is z ∈ M such that z /∈ ωf(z),
denote by N = ωf(z), it is a minimal subset of M . Let U be a closed
neighborhood of z with finite boundary and disjoint from N . Let ε > 0
and Uε be an arbitrary arcwise connected neighborhood of z included
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into U and with diameter less than ε. As limn→+∞ dH(Mn,M) = 0,
there is n ∈ N such that Mn∩Uε 6= ∅ 6= Mn∩X \U . Take x ∈Mn∩Uε
then for infinitely many i ∈ N, f i(x) ∈ Uε and for i ∈ N large enough,
f i(z) /∈ U . So f i(Uε) intersects the boundary of U infinitely many
times. In result, some point in the boundary of U has an α-limit set
with non-empty intersection with Uε. As ε is chosen arbitrarily and the
boundary of U is finite, we can conclude that z belongs to the α-limit
set of some point from the boundary of U , a contradiction. 
Proof of Theorem 2.2. Assume that M is not minimal then by
Lemmas 2.3 and 2.4, there are two disjoint minimal subsets N1 and N2
of M such that N1 is infinite. Let U be an open neighborhood of N1
with finite boundary such thatN2∩U = ∅, set k = Card(∂U). Let V be
an open neighborhood of N2 such that (∪0≤i≤kf
i(V )) ∩ U = ∅. Take a
point z ∈ N1, then z has an infinite orbit since N1 is infinite. So let δ >
0 be such that the balls B(f i(z), δ), i = 0, . . . , k are pairwise disjoint.
As f is uniformly continuous and X is a regular curve, there is an
arcwise connected neighborhood Uδ of z such that f
i(Uδ) ⊂ B(f
i(z), δ)
for i = 0, . . . , k. Since limn→+∞ dH(Mn,M) = 0, there is n ∈ N such
that Mn ∩ Uδ 6= ∅ 6= Mn ∩ V so take a point x ∈ Mn ∩ Uδ then by
the minimality of Mn, f
j(x) ∈ V for some j ∈ N. Hence, f j+i(Uδ)
intersects the boundary of U for i = 0, . . . , k which implies that the
boundary of U has at least k+1 points, a contradiction. In conclusion,
M is minimal. 
3. On the map x 7→ ωf(x)
Theorem 3.1. Let f : X → X be a homeomorphism of a regular curve
X, then the map ωf is continuous at any point with infinite ω-limit set.
To prove Theorem 3.1, we need the following Lemma:
Lemma 3.2. [12] If M is an infinite minimal set and U is a neighbor-
hood of M with finite boundary where k = Card(∂U) then there is an
open neighborhood V ⊂ U of M such that for any x ∈ V and for any
n ∈ Z, {fn(x), . . . , fn+k(x)} ∩ U 6= ∅.
Proof of Theorem 3.1. Let (xn)n be a sequence in X that converges
to a point x ∈ X with infinite ω-limit set. Let ε > 0 and let U be an
ε-neighborhood of ωf(x) with finite boundary, set k = Card(∂U). Let
V be as in Lemma 3.2, then there is N > 0 such that fN(x) ∈ V so for
n large enough, fN(xn) ∈ V . Following Lemma 3.2, ωf(xn) ∩ U 6= ∅
for n large enough. Therefore any limit of any convergent subsequence
of (ωf(xn))n (with respect to the Hausdorff metric) has a non-empty
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intersection with ωf(x). By Theorem 2.2, the Hausdorff limit of any
convergent subsequence of (ωf(xn))n is minimal, hence it is equal to
ωf(x) (since ωf(x) itself is minimal, see Theorem 1.1). Consequently,
(ωf(xn))n converges in 2
X to ωf(x). We conclude then the continuity
of ωf at x. 
Let X be a compact metric space and f : X → X be a continuous
map. A sequence 〈x−n〉
∞
n=0 of points in X is called a negative orbit or
negative trajectory through x if x0 = x and f(x−n−1) = x−n for every
integer n ≥ 0.
Definition 3.3. Let X be a compact metric space and f : X → X be
a continuous map then the α-limit set of a negative orbit 〈x−n〉
∞
n=0 is
the set α(〈x−n〉
∞
n=0, f) of all limit points of the sequence 〈x−n〉
∞
n=0.
Notice that in the case of a homeomorphism, for any x ∈ X , there
is only one negative orbit with starting point x and so the α-limit set
of the unique negative orbit starting from x coincide with the α-limit
set of x with respect to f which is in fact ωf−1(x).
Lemma 3.4. [1] For any compact space (X, d), any continuous map
f : X → X and any negative trajectory 〈x−n〉
∞
n=0, the set α(〈x−n〉
∞
n=0, f)
is nonempty, closed and strongly invariant
Theorem 3.5. Let X be a compact metric space and f : X → X be
a continuous map. If the map ωf is continuous then the following two
assertions hold:
(i) For each x ∈ X, ωf(x) is minimal.
(ii) For each x ∈ X and for any negative trajectory < xn >
∞
n=0 with
starting point x0 = x, ωf(x) is the unique minimal set included into
α(〈x−n〉
∞
n=0, f).
Proof. (i) Let x ∈ X and let M be a minimal subset for f included into
ωf(x). Take a ∈ M then for some infinite sequence of positive integer
(ni)i, limi→+∞ f
ni(x) = a and for each i ∈ N, ωf(f
ni(x)) = ωf(x).
From the continuity of ωf , we get ωf(a) = ωf(x). In result, ωf(x) is
minimal.
(ii) Let < xn >
∞
n=0 be a negative trajectory with starting point x0 =
x. By Lemma 3.4, there is a minimal set M for f included into
α(〈x−n〉
∞
n=0, f). Let a ∈ M and let (x−ni)i be a subsequence of (x−n)n
that converges to a. Then clearly, ωf(x−ni) = ωf (x) for each i ∈ N and
ωf(a) = M . By continuity of the map ωf , M = ωf(x). 
Remark 3.6. (1) In the concluded assertion (ii) of Theorem 3.5, we
cannot hope more than the inclusion ωf(x) ⊂ α(〈x−n〉
∞
n=0, f), a strict
inclusion was illustrated in example 1 for the homeomorphism T .
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(2) Also note that both assertions (i) and (ii) of Theorem 3.5 are not
sufficient to ensure the continuity of the map ωf , in the following we
furnish a simple example of a homeomorphism F where the ω-limit set
of any point coincide with its α-limit set and is minimal while the map
ωF is not continuous.
Example 3.7. Both homeomorphisms T and F are defined on the
same compact space Y which is a subset of the real plane:
Y = {(0, 0)} ∪ {(
1
n
, 0) : n ∈ Z∗} ∪ {(0,
1
n
) : n ∈ N} ∪
⋃
n∈N
An,
where for each n ∈ N, An = {(
1
k
, 1
n
) :| k |≤ n and k 6= 0}.
(1) The map T is defined as follow: First let T (0, 0) = (0, 0) and
T (−1, 0) = (1, 0). For each n ∈ N and for each k ∈ {−n, . . . ,−1, 1, . . . , n},
T ( 1
n
, 0) = ( 1
n+1
, 0); T (0, 1
n
) = (0, 1
n+1
);
T ( 1
−(n+1)
, 0) = ( 1
−n
, 0);
T (−1, 1
n+1
) = (1, 1
n
); T (−1, 1) = (0, 1)
T ( 1
k
, 1
n
) = ( 1
k+1
, 1
n
) if k < −1 or 1 ≤ k ≤ n− 1;
T ( 1
n
, 1
n
) = ( 1
−n
, 1
n
).
Obviously, T is a homeomorphism of Y onto itself and the map ωT is
a constant hence continuous while we have the following strict inclusion
ωT (0, 1) = {(0, 0)} ( αT (0, 1) = {(
1
n
, 0) : n ∈ Z∗} ∪ {(0, 0)}.
(2) The map F is defined as follow:
First let F (0, 0) = (0, 0) and F (0, 1) = (0, 1) and for each n ∈ N, for
each k ∈ {−n, . . . ,−1, 1, . . . , n},
F ( 1
n
, 0) = ( 1
n+1
, 0);
F ( 1
−(n+1)
, 0) = ( 1
−n
, 0); F (−1, 0) = (1, 0);
F ( 1
k
, 1
n
) = ( 1
k+1
, 1
n
) if k < −1 or 1 ≤ k ≤ n− 1;
F ( 1
n
, 1
n
) = (0, 1
n
); F (0, 1
n
) = ( 1
−n
, 1
n
) and F (−1, 1
n
) = (1, 1
n
).
It is easy to verify that F is a homeomorphism of Y onto it self.
For each n ∈ N let Bn = An ∪ {(0,
1
n
)}. Thus (Bn)n is a sequence of
periodic orbits that converges with respect to the Hausdorff metric to
the set A = {(0, 0)} ∪ {( 1
n
, 0) : n ∈ Z∗}. For each x ∈ A, ωF (x) =
αF (x) = {(0, 0)} and any point in Y \A is periodic, so both assertions
(i) and (ii) of Theorem 3.5 hold while the map ωF is not continuous.
However in the case of homeomorphisms of regular curves we get the
following:
Theorem 3.8. Let f : X → X be a homeomorphism of a regular curve
X, then the following assertions are equivalent:
(1) The map ωf is continuous.
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(2) The ω-limit set of any point coincide with its α-limit set.
(3) The map αf is continuous.
Proof. (2) ⇒ (1): Assume that the ω-limit set of any point coincide
with its α-limit set. By Theorem 3.1, we have to examine only the
continuity of ωf at points with finite ω-limit set. Let x ∈ X with finite
ω-limit set and suppose that ωf is not continuous at x, then there is a
sequence (xn)n in X that converges to x such that limn→∞ ωf(xn) = L
in the sense of Hausdorff and L∩ ωf (x) = ∅. Since x has finite ω-limit
set, it is asymptotic to a periodic point a ∈ ωf(x), hence one can find
a sequence (yn)n that converges to a such that limn→∞ ωf (yn) = L.
Without loss of generality, one may assume that a is a fixed point
(since otherwise instead of f we consider g = f p where p is the period
of a). Let U be an open neighborhood of a with finite boundary (set
k = Card(∂U)) such that L ∩ U = ∅. For each ε > 0, there is an arc
Iε in U joining a and yn for some n ∈ N and with diameter less than
ε and as fk(yn) leaves U for k large enough, there is bε ∈ ∂U such
that αf (bε) ∩ Iε 6= ∅. Therefore, there is b ∈ ∂U such that ωf(b) =
αf (b) = {a} and for infinitely many n, there is an arc In with diameter
less than 1
n
, joining in U the points a and ym(n) (for some m(n) ∈ N)
and containing at least one point bn from the backward orbit of b,
notice that bn is distinct from both a and ym(n). So it is possible to
construct k + 1 pairwise disjoints arcs J1, . . . , Jk+1 in U such that for
every l ∈ {1, . . . , k+ 1}, one end point of Jl has an ω-limit set disjoint
from U and the other has an ω-limit set equal to {a} (the construction
can be done in the following way: Let J1 be the sub-arc of I1 joining
ym(1) and b1 hence a /∈ J1. So for some n ∈ N, In is disjoint from J1,
take J2 the sub-arc of In joining ym(n) and bn. Similarly, there is n
′ ∈ N
such that In′ is disjoint from J1 ∪ J2, so let J3 be the sub-arc of In′
joining ym(n′) and bn′ , and we proceed by induction until we get Jk+1).
For m large enough and l = 1, . . . , k + 1, fm(Jl) has a point outside
of U and another inside of U thus fm(Jl) ∩ ∂U 6= ∅ which implies that
Card(∂U) > k, a contradiction. In result, ωf is continuous at x.
(1) ⇒ (2): Follows from Theorem 3.5 and [Theorem 1.1, (i)].
Finally, by applying the equivalence between assertions (1) and (2)
to f−1, we obtain the equivalence between assertions (3) and (2).

Definition 3.9. Let X be a compact metric space and f : X → X be
a continuous map. A point x is said to be an equicontinuous point of
the dynamical system (X, f) provided that for any ε > 0, there is δ > 0
such that for any y ∈ B(x, δ), d(fn(x), fn(y)) < ε for all n ∈ Z+.
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The dynamical system (X, f) is said to be equicontinuous provided that
every point in X is equicontinuous.
Proposition 3.10. Let f : X → X be a homeomorphism of a heredi-
tarily locally connected continuum X, then any point x ∈ X \ Ω(f) is
equicontinuous for (X, f).
Proof. Suppose that x ∈ X \ Ω(f) then for some connedted neighbor-
hood U of x in X , {fn(U) : n ∈ N} is pairwise disjoint. As X is a
hereditarily locally connected continuum, {fn(U) : n ∈ N} is a null
family. It follows that x is an equicontinuous point for (X, f). 
Corollary 3.11. For any homeomorphism f : X → X a hereditarily
locally connected continuum X, the map ωf is continuous on X \Ω(f)
Remark 3.12. It is well known that the equicontinuity property of a
dynamical system (X, f) implies but is not implied by the continuity of
ωf . Bruckner and Ceder [4] has shown the equivalence between these
two properties in the case of continuous interval map. This equivalence
is not true in the case of the circle, take for example any cicle’s home-
omorphism f that preserves a Cantor set, it has a unique minimal set
so the map ωf is constant but (S
1, f) is not equicontinuous.
4. A Dynamical Criterion for the existence of periodic point
The aim of this section is to answer the following question posed in
[12]: Is there a homeomorphism of a regular curve without periodic
point and having several minimal sets?
Theorem 4.1. Any homeomorphism of a regular curve without peri-
odic points possesses a unique minimal set.
We will use the following notations: For a regular curve homeomor-
phism f : X → X , we denote by
• M(f) the family of all minimal sets of f ,
• Mc(f) the family of minimal sets of f having finite number of
connected components,
• for each M ∈ Mc(f), mesh(M) := sup{diam(C) : C is a
connected component of M}
Lemma 4.2. If f : X → X is a regular curve homeomorphism without
periodic points and has at least two minimal sets, then Mc(f) is not
dense in M(f) where M(f) is endowed with the Hausdorff metric.
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Proof. Assume the contrary, that is there exists a regular curve home-
omorphism f : X → X having the following properties:
(i) P (f) = ∅,
(ii) Card(M(f)) ≥ 2 and
(iii) Mc(f) =M(f).
First observe that limn→+∞mesh(Mn) = 0 whenever (Mn)n is a
pairwise distinct sequence in Mc(f) (this is due to the fact that X
is finitely Suslinian, see Corollary 1.7 in [9]). Let M be a connected
minimal set of f (if there is no such minimal set, then pick any element
M from Mc(f) and consider f
l instead of f where l is the number
of connected component of M) and fix two distinct points a, b ∈ M .
Suppose δ = d(a, b) and take an arcwise connected neighborhood Ua
of a in X and a neighborhood Ub of b in X such that any arc in X
joining a point in Ua and a point in Ub has diameter at least
δ
2
. Ac-
cording to Theorem 3.1, the map ωf is continuous, so ωf(X) = M is
a non-degenerate continuum with respect to the Hausdorff metric, in
particular Mc(f) has no isolated point. Therefore, there is a pairwise
distinct sequence (Mn)n in Mc(f) with Hausdorff limit M . There is
N0 ∈ N such that for any n ≥ N0, some connected component of Mn is
entirely included into Ua. So take a connected component C0 of MN0
included into Ua. Consider an arc J0 joining a point c0 ∈ C0 and a
point a′0 ∈ Ua such that J0 ∩ M = {a
′
0}, let a0 ∈ J0 be such that
J0 ∩ {x ∈ J0 : ωf(x) = M} = {a0}, this is possible since from the
continuity of ωf , the set ω
−1
f {M}∩J0 is closed in J0. Denote by γ0 the
number of connected components of MN0 . Hence C0 is f
γ0-invariant
and by the connectedness ofM , M still minimal for f γ0 . Thus for some
t0 ∈ N, f
t0γ0(a0) ∈ Ub. Denote by I0 the sub-arc of J0 joining c0 and
a0, hence diam(f
t0γ0(I0)) ≥
δ
2
. Take ζ0 ∈ f
t0γ0(I0) \ {f
t0γ0(a0)} such
that the sub-arc L0 of f
t0γn(I0) joining f
t0γ0(c0) and ζ0 has diameter
at least δ
4
. By the continuity of the map ωf , {ωf(x) : x ∈ L0} is closed
in M(f) and does not contain M . By applying the continuity of ωf
at a′0, there is µ0 > 0 such that ωf(x) ∈ M(f) \ {ωf(y) : y ∈ L0}
whenever d(x, a′0) < µ0. It is possible then to find N1 > N0 such that
some connected component of MN1 say C1 is a subset of Ua and there
is an arc J1 in Ua joining some point c1 ∈ C1 and a point a
′
1 ∈ U1 such
that d(y, a′0) < µ0 for every y ∈ J1 and J1 ∩M = {a
′
1}. By a similar
way we define a1, γ1, t1, I1, ζ1 and L1. Thus L1∩L0 = ∅ and recall that
we have already diam(L1) ≥
δ
4
. By same arguments as above, there
is µ1 > 0 such that ωf(x) ∈ M(f) \ {ωf(y) : y ∈ L0 ∪ L1} whenever
d(x, a′1) < µ1. One could find then N2 > N1 such that some connected
component C2 of MN2 is a subset of Ua and there is an arc J2 in Ua
joining some point c2 ∈ C2 and a point a
′
2 ∈ M such tat d(y, a
′
1) < µ1
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for every y ∈ J2 and J2 ∩M = {a
′
2}. Similary, we define a2, γ2, t2, I2,
ζ2 and L2. Thus (L1 ∪ L0) ∩ L2 = ∅ and diam(L2) ≥
δ
4
. We continue
this process inductively infinitely many times which lead to the con-
struction of a pairwise disjoint sequence of arcs (Ln)n with diameter at
least δ
4
, a contradiction. We conclude then that Mc(f) is not dense in
M(f).

Proof of Theorem 4.1. Let f : X → X be a homeomorphism
of a regular curve X without periodic points. According to Theorems
3.8 and 1.1, the map ωf is continuous, so ωf(X) = M(f) is a lo-
cally connected continuum with respect to the Hausdorff metric, in
particular it is locally arcwise connected. Assume that M(f) is not
reduced to a single point. By Lemma 4.2, there is a non empty open
subset O in M(f) such that any element in O has infinitely many
connected components. Because of the local connectedness property
of M(f), one could find an arc A[0,1] = {At, t ∈ [0, 1]} in O and
a homeomorphism h : [0, 1] → A[0,1]; t 7→ At. For each n ∈ N, let
an(0) = 0 < · · · < 1 = an(ln) be a subdivision of [0, 1] with step less
than 1
n
.
For each n ∈ N, one can construct by an induction process a set
Cn = {x
n(1), . . . , xn(ln)} satisfying the following:
(i) for each i ∈ {1, . . . , ln}, x
n(i) ∈ Aa(i) and
(ii) for each i ∈ {1, . . . , ln−1}, d(x
n(i), xn(i+1)) ≤ dH(Aan(i), Aan(i+1)).
We may assume that (Cn)n converges to C. By property (ii) and the
uniform continuity of h, C is a sub-continuum of X (see Lemma 4.16
in [11]).
Notice that if x ∈ At ∩ C and limn→+∞ x
n(kn) = x where t ∈ [0, 1]
and 0 ≤ kn ≤ ln for all n ∈ N then limn→+∞ a
n(kn) = t. We claim that
{fn(C) : n ∈ Z} is a family of pairwise disjoint sets. Otherwise, for
some n ∈ N there exists z ∈ C such that fn(z) ∈ C. Let t ∈ [0, 1] be
such that z, fn(z) ∈ At. Hence there are two sequences (kn)n and
(sn)n such that limn→+∞ x
n(kn) = z and limn→+∞ x
n(sn) = f
n(z)
where for each n ∈ N, kn, sn ∈ {0, . . . , ln}. Thus limn→+∞ a
n(sn) =
limn→+∞ a
n(kn) = t. Without loss of generality we may assume that
sn < kn for every n. It turns out that ({x
n
i : sn ≤ i ≤ kn})n
have at least one convergent subsequence with limit a non degener-
ate sub-continuum of C included into At and containing both z and
fn(z). Therefore the connected component of At that contains z is f
n-
invariant since it contains also fn(z) so At ∈Mc(f), a contradiction.
By property (i), C contains one point from each A0 and A1 so it is
non-degenerate. It follows that {fn(C) : n ∈ N} is family of pairwise
disjoint connected subsets of X each one from this family contains one
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point from A0 and another from A1 so each one from this family has
diameter more at least d(A0, A1) = inf{d(x, y) : x ∈ A0 and y ∈ A1} >
0. This is impossible since X is in particular finitely Suslinian (see
Corollary 1.7 in [9]). We conclude then that M(f) is a singleton, that
is there a unique minimal set for f . 
Corollary 4.3. Assume that f is a homeomorphism of a regular curve
having at least two minimal sets then it has a periodic point.
Corollary 4.4. Assume that f is a homeomorphism of a regular curve
without periodic point and M its unique minimal set then f|M is totally
minimal.
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